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We study the vibrational properties of graphene under combined shear and uniaxial tensile
strain using density-functional perturbation theory. Shear strain always causes rippling instabil-
ities with strain-dependent direction and wavelength; armchair strain contrasts this instability, en-
abling graphene stability in large range of combined strains. A complementary description based on
membrane elasticity theory nicely clarifies the competition of shear-induced instability and uniaxial
tension. We also report the large strain-induced shifts of the split components of the G optical
phonon line, which may serve as a shear diagnostic. As to the electronic properties, we find that
conical intersections move away from the Brillouin zone border under strain, and tend to coalesce
at large strains, making the opening of gaps difficult to assess. By a detailed search, we find that
even at large strains only small gaps in the tens-of-meV range open at the former Dirac points.
I. INTRODUCTION
Ideal free-standing and unstrained graphene is, strictly
speaking, an abstraction. Real graphene is invariably
subjected to strain, either intentional or unintentional,
as it gets manipulated, deposited on a substrate, and
attached to, or suspended from nanostructured devices.
Importantly, a general strain may trigger vibrational in-
stabilities, such as long-wavelength rippling, and affect
qualitatively the band dispersion near the Fermi energy.
Previous work [1–3] has suggested that uniaxial or biax-
ial strains below about 25% do not cause either a gap
opening or rippling. While dynamical properties have
been studied for axial strains (see e.g. [1, 2]), shear
strain has been, with a few exceptions [4–8], largely ne-
glected so far. Only one recent work studies the stability
of graphene (modeled with empirical potentials) under
combined shear-tensile strains [5] and finds a drastically
reduced stability region in strain space; specifically, the
last “stability island” at large strain occurs for a combi-
nation of armchair and shear strains.
In this paper, we consider the effects of shear strain,
by itself and in combination with armchair uniaxial
strain, on the vibrational stability of graphene from
a first-principles theoretical perspective, using density-
functional perturbation theory. We find that shear makes
graphene unstable against a fairly short-wavelength
rippling with direction depending on strain intensity,
whereas graphene remains stable under a not too large
combined strain; the results are consistent with the
above-mentioned empirical-interatomic-potentials study
[5]. We also provide arguments from the elasticity the-
ory of membranes, which confirms the essence of our re-
sults. In terms of the electronic properties, we find that
only small gaps open up at the Dirac cones, which are
displaced away from the Brillouin zone border.
II. METHOD
Our ab initio calculations are done within density-
functional perturbation theory [9] in the local density
approximation using the Quantum ESPRESSO code
[10]. Ultrasoft pseudopotentials [11] and a plane-wave
basis with principal cutoff 37 Ryd and charge cutoff 450
Ryd were used. For each strain state we fully relax the
internal coordinates in the primitive cell of graphene un-
til all force components are below a stringent threshold
of 0.5 meV/A˚. We then perform the phonon calculation
on the relaxed structure. Negative squared frequencies
(i.e. imaginary frequencies) signal instabilities, provid-
ing also their wavelength and spatial pattern. This is
the standard procedure in the search for instabilities in
high-symmetry phases (see, e.g., Refs.[12] and [13] for
the typical case of ferroelectric perovskites). After ex-
tensive testing, we settle on a k-space integration mesh
of 16×16×1 for both energy selfconsistency and phonon
calculations, with a cold smearing of 0.03 Ryd. Such a
rather fine mesh is found to be necessary (and sufficient)
to describe the much slower decay of the interatomic force
constants in graphene compared to e.g. diamond [14].
Indeed, coarser meshes tend to produce spurious insta-
bilities in unperturbed graphene.
Our choice of the graphene primitive vectors is
a1 =
1
2
axˆ +
√
3
2
ayˆ, a2 = −1
2
axˆ +
√
3
2
ayˆ, (1)
with a=2.448 A˚. We apply a combination of shear and
axial strains multiplying the primitive vectors by the ma-
trix
S = 1 +
(
ζzz ζsh
ζsh ζac
)
. (2)
Pure shear is obtained for vanishing armchair and zig-zag
strains, i.e. ζac=ζzz=0. A generic point r=(x,y) under
the action of S becomes Sr=r+u, with
u = (ζshy + ζzzx, ζshx+ ζacy). (3)
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2We do not apply strain along the zig-zag direction, hence
set ζzz=0. The shear and armchair strains in standard
usage (e.g. in Ref.5) are then given by xy=2ζsh and
yy=ζac. Besides pure shear, here we consider combined
strains in the vicinity of xy=yy. Strain states are la-
beled by (xy,yy) with strains expressed as percentage;
for example xy=0.02, yy=0.03 is labeled (2,3). The
primitive cell and Brillouin zone for graphene under shear
and combined strain is shown in Fig.1. Shear lowers
the symmetry of graphene to the C2h point group and
space group 2/m. The six equivalent K points where the
Dirac cone is located in pristine graphene become now
three pairs of inequivalent points K, K ′, and K ′′ under
strain. The lattice vectors both rotate clockwise under
shear (rate 8′/%, i.e. about 1◦ at 7%); under combined
strains such as (n,n), a1 rotates counterclockwise (rate
5′30′′/%) and a2 clockwise (rate 22′16′′/%).
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FIG. 1. (Color online) Primitive cells (left) and Brillouin
zones (right) for graphene under shear (top) and combined
shear-armchair strain (bottom). The degree of distortion am-
plified to be visually appreciable.
III. RESULTS
A. Vibrational stability
The phonon dispersion for unperturbed graphene (not
shown) is in good agreement with previous calculations.
Under all the shear strains investigated, the phonon dis-
persion exhibits imaginary frequencies near zone center,
signaling long-wavelength vibrational instabilities. This
can be seen in Fig.2 in the dispersion for shear 3%, which
is quite typical of all strains investigated, as well as, more
clearly, in a contour map of the unstable frequencies in
Fig.3, left panel. The wavevector of the largest (in modu-
lus) unstable frequency directly provides the wavelength
and direction of the distortion pattern that will freeze-in
into the graphene lattice upon condensation of the un-
stable modes. It is a rippling pattern with wavelength
decreasing with shear, namely 17.3, 15.4, 12.6, 10.6 A˚
for shear 3, 5, 7, 10 %; the normal to the rippling wave-
front backs away counterclockwise from the shear axis
(the bisector of the direct lattice vectors) for increasing
strain, towards an angle of 45◦ from the axis.
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FIG. 2. (Color online) Phonon dispersion for strain state
(3,0), i.e. pure shear at 3%. Regions of long-wavelength in-
stability are clearly visible. Imaginary frequencies are drawn
as negative.
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FIG. 3. (Color online) Contour map of the imaginary fre-
quencies (again conventionally drawn as negative) for strain
states (3,0), left panel, and (10,10), right panel. The former
has a fully developed instability, while the latter would seem
at most only marginally unstable.
For combined shear and armchair-tensile strain, at
strains below about 10% there appears to be no insta-
bility. The quartic dispersion ω2'q4 of the flexural ZA
mode [15–18] acquires a quadratic term that increases
with strain amplitude. As can be seen for the typical
case of the (3,3) strain in Fig.4, and not unexpectedly,
the dispersion is significantly anisotropic. At 10% com-
bined strain (Fig.3, right panel) a marginal instability
appears; its phase space is very limited and its conden-
sation will lead to a small energy gain. The wavelength
in this case is 45-50 A˚, and the angle is much larger than
for pure shear, i.e. 160◦ from the horizontal zig-zag chain
direction (Fig.1) at zero strain.
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FIG. 4. (Color online) Phonon dispersion for combined-strain
state (3,3). No instability is present.
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FIG. 5. Schematic phase diagram for vibrational stability.
Triangles are calculated strains.
Previous searches for rippling by ab initio methods un-
der uniaxial strain produced negative results [2] (the rea-
son will become clear in Sec.III B). On the other hand,
the only work on combined strains [5] using empirical
potentials suggests (Fig.3 of Ref.5) that shear strain re-
duces the graphene stability region in strain space. Our
results are in general agreement with this conclusion; not
only does instability occur at any pure shear strain, but
the strain of 10%, where we barely glimpse an instability,
is indeed at the border of stability as predicted in Ref.5.
From our calculations we infer the qualitative phase di-
agram for stability drawn in Fig.5, which in this region
is similar to the relevant section of Fig.3 of Ref.5. The
qualitative conclusion is that shear destabilizes graphene,
whereas if uniaxial tension is blended in, stability is re-
established in a vast region of strain space. We discuss
this further in the next Section. (We recall that vibra-
tional instability should abruptly set in at a pure tension
yy∼20% according to empirical as well as ab initio cal-
culations [2, 5].)
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FIG. 6. Position of strain-split optical-phonon lines vs com-
bined strain.
An interesting byproduct of our combined-strain cal-
culations is the strain derivative of the energies of the
optical “G” lines resulting from the strain splitting of
the optical phonon. For uniaxial strain, these slopes
were measured [19] by Raman scattering to be –10.8 and
–31.7 cm−1/%. As shown in Fig.6, obtained by addi-
tional calculations at small combined strains, both lines
shift linearly. The strain derivatives we obtain are –16.0
cm−1/% for the G+ line and –39.8 cm−1/% for the G−
line. These values are significantly larger than for uniax-
ial strains, and could be useful as a diagnostic indicator
of the presence of shear in uniaxially strained samples.
B. Elasticity-based description
The analysis of vibrational frequencies of flexural
modes based on the elasticity theory of membranes helps
rationalize the findings just reported. The elastic energy
of a membrane with bending rigidity κ, and Lame´ coef-
ficients µ and λ is [18]
E =
∫
dA
[
κ
2
(∇2h)2 + µu2αβ +
λ
2
u2αα,
]
(4)
where
uαβ =
1
2
(∂βuα + ∂αuβ + ∂αh∂βh) (5)
is the strain tensor, h is the vertical displacement, and the
vector u was defined in Eq.3. Using a plane wave ansatz
h=h0 exp(ikxx+ ikyy) for the vertical displacement, the
squared vibrational frequency of the out-of-plane vibra-
tion (the flexural modes) is
ρω2 = κk4 + (λk2 + 2µk2y) yy + 4µkxky xy, (6)
4where ρ is the areal mass density, and we have set xx=0
as in all previous calculations [20].
In the absence of strain the flexural mode has the
expected quartic dispersion. Strain produces quadratic
terms that, at small k, can prevail over the quartic term
and subvert the normal state of affairs. The contribu-
tion of armchair strain (the second term) is positive and
produces no instability, but causes the squared-frequency
dispersion to acquire an anisotropic quadratic term. A
pure shear contribution (third term in Eq.6) produces
an instability, because it becomes negative in the second
and fourth quadrant of the (kx,ky) plane. If both shear
and armchair strains are present, the shear-induced in-
stability is countered by the tensile quadratic term. All
these features are indeed seen in the ab initio calcula-
tions discussed above. By way of example, Fig.7 reports
the squared frequency dispersion with pure shear (left)
and with nearly compensating shear and tensile strain
(right); these are qualitatively similar to Fig. 3.
FIG. 7. (Color online) Sketch of the squared frequency ob-
tained from elasticity theory for pure shear (left) and nearly
compensating shear and uniaxial tension (right). Compare
this view from negative-squared frequencies with the top view
in Fig.3. In both panels, ρ=1, κ=1.1 eV, λ=2.57 eV/A˚2,
µ=2.4, xy=0.02. In the left panel, yy=0; in the right panel,
yy=0.015.
Elasticity clearly rationalizes the shear destabilization
of graphene, the countervailing action of tension, and the
appearance of quadratic terms in the squared-frequency
dispersion. To compare the stability range predicted by
atomistics and elasticity, we set up a phase diagram akin
to Fig.5 using the elastic moduli from experiment or sim-
ulation, or adjusting them ad hoc (recalculating them is
beyond our present scope). The boundary between stable
and unstable regions in our two-dimensional strain space
(yy,xy), is obtained counting the negative squared fre-
quencies in k space for each point in strain space, and
calculating the ratio R of negative-frequency k points to
the total number of points (the sampled k region is a
suitable small-k region around k=0); any region of strain
space where R is non-zero is an instability region, with
the zero-R contour line acting as phase boundary.
Fig.8 shows the phase boundary between vibrationally
unstable and stable regions obtained from Eq.6 for three
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FIG. 8. (Color online) Phase diagram in strain space from
elasticity theory using κ=1.1 eV, λ=2.57 eV/A˚2, and (from
bottom to top, labeled 1, 2, 3 respectively) µ=9.95, 6.2, and
2.4 eV/A˚2.
combinations of elastic moduli. We set in all three cases
κ=1.1 eV and λ=2.57 eV/A˚2 [21], but µ takes on the
values (in eV/A˚2) µ1=9.95 from simulation [21], µ2=6.2
from the Poisson ratio ν=λ/(λ+2µ)=0.17 of graphene
[22], and µ3=2.4 chosen to obtain a phase boundary sim-
ilar to the atomistic one (Fig.5 and Ref.[5]). Apparently,
for accepted values of the Lame´ coefficients, elasticity
tends to predict a smaller stability region than the ab ini-
tio one (which largely agrees with that of semiempirical
tight-binding). This may have to do with deviations of
the behavior of microscopically textured graphene from
that of an elastic continuum (as suggested earlier [18]
in relation to long-wavelength thermal fluctuations [23]).
Aside from these moderate quantitative deviations, how-
ever, elasticity and ab initio results largely agree and pro-
vide useful, mutually complementary information.
C. Band structure
For all the strains containing a shear component, the
appearance of a gap at the conical intersections at the
vertexes of the Brillouin zone is guaranteed by symme-
try. Shear strain lowers the symmetry of graphene to
the space group 2/m; hence the little group of any k
point in the Brillouin zone can be at most the point
group C2h, whose irreducible representations are all one-
dimensional. Therefore, band degeneracies are not pro-
tected by symmetry anywhere in the Brillouin zone; the
gap-opening region in the phase diagram is all of Fig.5 or
8 (except the yy axis where shear vanishes). However,
it is unknown a priori how large the gap will be under a
specific strain intensity.
We examined the band structure in a number of strain
states using an uncommonly dense k-point sampling to
pinpoint the displacement of the conical intersections,
5and the nature and value of the gaps. In essence, for
the strains of interest here, we find that: a) the conical
intersections move away from the corners and, in fact,
even from the border of the strain-distorted zone; this can
lead to qualitative errors if only the usual path around
the Brillouin zone is explored [24]; b) at large strains
the Brillouin zone distorts toward a rhomboidal shape,
and accordingly the former Dirac points become nearer
and nearer, and tend to coalesce at the largest strains;
c) despite the loss of hexagonal symmetry, the conical
band structure does largely survive as such up to very
large strains. Indeed, a gap does exist, but it is always
small, and accordingly the parabolic section at the band
minimum is very localized in k space.
As to points a) and b), in Fig.9 we show the gap (i.e.
the eigenvalue difference of the last occupied and first
empty band) vs wavevector as a contour map in a large
portion of k-space. Four strains are displayed in Fig.9,
counterclockwise from top left: (5,5), (12,18), (15,20),
and (18,18). These four strains states are within the sta-
bility region according to Ref.5; the last one may fall
outside our own stability region (Fig.5), although ex-
trapolation is of course quite uncertain. As this strain
series illustrates, the conical intersections, identified by
the small gap, are displaced away from the corners and
border of the zone and eventually, at large strains, tend
to coalesce.
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FIG. 9. (Color online) Gap value near the former Dirac points
in the Brillouin zone under increasing combined shear-tensile
strain. Counterclockwise from top left: (5,5), (12,18), (15,20),
(18,18). The Dirac points migrate away from zone borders
and tend to coalesce at large combined strains. The color-
code scale unit is 10 meV.
For all the strains we looked at, the gap is present
as symmetry dictates, but never exceeds 0.03-0.04 eV
(point c) above). Pinpointing this behavior requires an
extreme level of resolution in k-space. Fig.10 shows that
a local curvature at the minimum appears near the Dirac
point over a k range of a few thousandths of the linear
size of the Brillouin zone, even at the large strain (9,9).
The linear portion of the gap function near the Dirac
point extrapolates to zero, which qualifies the gap as a
conventional “massive” gap rather than a “massless” gap
[25]. We mention that very recent measurements of the
transport properties under shear [7], although somewhat
inconclusive as to the detailed effects of strain, suggest
a metallic character compatible (given that experiment
are done at room temperature) with the small gaps just
discussed.
FIG. 10. (Color online) Blow-up of the gap near one of the
former Dirac points at strain (9,9). The parabolic behavior
is visible only at extreme magnification in a region of linear
size a few thousandths of the zone. The units are 2pi/a for k
and eV for the gap.
The discrepancy with previous [3] tight-binding results
(indicating sizable gaps at former Dirac points) may be
attributed to the effects of atomic relaxation, which we
find to be very substantial especially at large strains. In-
deed, during review we became aware of an unpublished
paper [8] where rippling occurs when a large supercell un-
der shear and tensile strain is relaxed via a semi-empirical
tight-binding technique. The shear used is twice as large
as the tensile component, and in this strain region we
indeed find instability from phonon calculations, as dis-
cussed above. The same paper reports a vanishing gap
even under substantial strains. This agrees with our evi-
dence for an (almost) entire suppression of the gap open-
ing due to relaxation. As we have shown, and as dictated
by symmetry, the gap is non-zero for combined strains,
but it is very small; the use of the density of states in
Ref.8 may have prevented pinpointing it.
We close with a sampling of the dependence of the
gap and its position in k-space on strain intensity. In
Fig.11 we show the gap and Dirac point displacement vs
shear at zero tension, and vs tension at fixed shear. The
displacement, quantified by the Euclidean distance δ in k
space between the k-point where the gap occurs and the
nearest zone corner, clearly increases with strains, more
so under combined strains, and reaches several percent
even at moderate strain. The gap, on the other hand,
does not seem to increase monotonically with any of these
strain combination. It is interesting to note that for 4%
shear, at 8% or 12% tension, graphene is stable and the
gap is 0.04 eV, larger than that caused by epitaxy on BN
[26].
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FIG. 11. (Color online) Gap (empty symbols) and Dirac-point
displacement δ (filled symbols) vs strain. Circles: gap and δ
vs shear at zero tension; squares: same vs tension at shear
8%; diamonds: same vs tension at shear 12%.
IV. SUMMARY
In summary, ab initio phonon calculations indicate
that graphene is stable against rippling instabilities for a
wide range of combined armchair-shear strains, whereas
pure shear strains always cause instability. Our stability
diagram agrees with previous estimates based on empir-
ical potentials. We reported the strain derivatives of the
strain-split components of the G line, which turn out to
be are 25 to 45% larger than under uniaxial strain, and
could be useful as diagnostic measure of shear strain.
The elasticity theory of membranes helps rationalize the
shear-induced instability and the opposing effect of ten-
sion found in ab initio calculations, despite minor quan-
titative discrepancies.
The electronic gaps expected from symmetry argu-
ments near the Dirac points are always very small at all
strains (of order 0.01-0.02 eV). The conical intersections
move away from the border of the zone (a potential pit-
fall in analyzing the band structure), and at large strains
they tend to coalesce. A linear band dispersion is largely
preserved in the k-space vicinity of the former conical
intersections. Despite its smallnes, the gap opened by
strain may be of interest to tune the Berry phase (i.e.
chirality and quantum Hall phase shift) in typical doping
regimes, as we will discuss elsewhere [27]. By compar-
ison, typical gaps in simple epitaxial graphene systems
(for example [26] graphene on BN) are also small (30-50
meV), whereas gaps in the 0.1 eV range require complex
patterning techniques [28].
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